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Canonical formulation of NÄ2 supergravity in terms of the Ashtekar variable
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We reconstruct Ashtekar’s canonical formulation ofN52 supergravity~SUGRA! starting from theN52
chiral Lagrangian derived by closely following the method employed in the usual SUGRA. In order to obtain
the full graded algebra of the Gauss U(1) gauge and right-handed supersymmetry~SUSY! constraints, we
extend the internal, global O(2) invariance to a local one by introducing a cosmological constant to the chiral
Lagrangian. The resultant Lagrangian does not contain any auxiliary fields in contrast with the two-form
SUGRA, and the SUSY transformation parameters are not constrained at all. We derive the canonical formu-
lation of theN52 theory in such a manner that the relation with the usual SUGRA is explicit, at least at the
classical level, and show that the algebra of the Gauss U(1) gauge, and right-handed SUSY constraints form
the graded algebra,G2SU(2). Furthermore, we introduce the graded variables associated with theG2SU(2)
algebra, and we rewrite the canonical constraints in a simple form in terms of these variables. We quantize the
theory in the graded-connection representation, and discuss the solutions of quantum constraints.

PACS number~s!: 04.65.1e, 04.60.Ds
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I. INTRODUCTION

A nonperturbative canonical treatment of supergrav
~SUGRA! in terms of the Ashtekar variable@1# was first
discussed about the simplestN51 theory in Ref.@2#. In this
theory the chiral Lagrangian was constructed by using a s
dual connection which couples to only a right-handed sp
3/2 field, and this Lagrangian has two kinds of right- a
left-handed supersymmetry~SUSY! invariances in the first-
order formalism. Therefore, two types of SUSY constrain
which generate those SUSY transformations, appear in
canonical formulation. Fu¨löp @3# and Armand-Ugonet al. @4#
showed that inN51 chiral SUGRA the SU(2) algebra gen
erated by the Gauss-law constraint is graded by means o
right-handed SUSY constraint. All the constraints were a
rewritten in a simple form in@4# toward a loop representatio
of quantum canonical SUGRA, by using a graded connec
and momentum variables associated with the graded alg
which is called theGSU(2) algebra@5#.1 Furthermore the
spin network states@6# of SUGRA was recently constructe
in Ref. @7# based on the representation of this graded alge

The extension of the Ashtekar’s canonical formulation
N52 extended SUGRA was mainly developed in the co
text of the two-form gravity@8–10#. The chiral Lagrangian
of N52 SUGRA was constructed in Refs.@8,9# based on
N51 two-form SUGRA@11#, with auxiliary fields which are
needed to write the chiral~two-form! Lagrangian: It was
proved that the SUSY algebra is not closed at the leve
transformation algebra on auxiliary fields, but actually clos

*Email address: tsuda@sit.ac.jp
†Email address: sirafuji@post.saitama-u.ac.jp
1In Ref. @7# it was pointed out that the algebra ofGSU(2) corre-

sponds to the super Lie algebra, Osp~1/2!.
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at the level of the canonical formulation. On the other ha
in Ref. @10# the canonical formulation of BF theory as
toplogical field theory@12# was derived for an appropriat
graded algebra of SU(2)@which henceforth will be referred
to asG2SU(2)2 following Ref. @10##, and it was shown tha
theG2SU(2) BF theory subject to some algebaic constrai
can be cast into theN52 two form SUGRA.

In this paper we reconstruct Ashtekar’s canonical form
lation of N52 SUGRA starting from theN52 chiral La-
grangian derived by closely following the method employ
in the usual SUGRA. In Sec. II we present the globally O(
invariant Lagrangian ofN52 chiral SUGRA slightly modi-
fied from the Lagrangian in Ref.@14#. In order to obtain the
full graded algebra of the Gauss U(1) gauge and rig
handed SUSY constraints, in Sec. III we extend the intern
global O(2) invariance to local one by introducing a cosm
logical constant to the chiral Lagrangian. The resultant L
grangian does not contain any auxiliary fields in contr
with two-form SUGRA, and the SUSY transformation p
rameters are not constrained at all. In Sec. IV we derive
canonical formulation of theN52 theory in such a manne
that the relation with the usual SUGRA becomes explicit,
least on a classical level, and we show that the algebra of
Gauss U(1) gauge and right-handed SUSY constraints f
the graded algebra,G2SU(2). In Sec. V we introduce the
graded variables associated with theG2SU(2) algebra, and
rewrite the canonical constraints in a simple form in terms
these variables. We quantize the theory in the grad
connection representation, and discuss the solutions of q
tum constraints in Sec. VI. Our conclusions are included
Sec. VII.

2The algebra ofG2SU~2! corresponds to the super Lie algebr
Osp~2/2! @13#.
©2000 The American Physical Society20-1
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II. GLOBALLY O „2… INVARIANT LAGRANGIAN

First, we present the chiral Lagrangian of theN52
SUGRA constructed in Ref.@14#. The independent variable
are a tetradem

i , two ~Majorana! Rarita-Schwinger fieldscm
(I ) ,

a Maxwell field Am , and a~complex! self-dual connection
Ai j m

(1) which satisfies (1/2)e i j
klAklm

(1) 5 iAi j m
(1) .3 TheN52 chi-

ral Lagrangian density in terms of these variables is writ
in first-order form as

L N52
(1) 52

i

2
emnrsem

i en
j Ri j rs

(1) 2emnrsc̄Rm
(I ) grDs

(1)cRn
(I )

2
e

2
~Fmn

(2)!21
1

4A2
c̄m

(I )$e~Fmn1F̂mn!

1 ig5~ F̃mn1 F̃̂mn!%cn
(J)e (I )(J)

1
i

8
emnrs~c̄Lm

(I ) cRn
(J)!c̄Rr

(K)cLs
(L)e (I )(J)e (K)(L),

~2.1!

which is globally O(2) invariant. Heree denotes det(em
i ),

e (I )(J)52e (J)(I ), and F (2)mn
ª(1/2)(Fmn1 ie21F̃mn), with

F̃mn5(1/2)emnrsFrs . The covariant derivativeDm
(1) and the

curvatureR(1) i j
mn are

Dm
(1)

ª]m1
i

2
Ai j m

(1)Si j ,

R(1) i j
mnª2~] [mA(1) i j

n]1A(1) i
k[mA(1)k j

n] !,
~2.2!

while F̂mn in the second line of Eq.~2.1! is defined as

F̂mnªFmn2
1

A2
c̄m

(I )cn
(J)e (I )(J). ~2.3!

Note that we have used (Fmn
(2))2 as the Maxwell kinetic term

in Eq. ~2.1!, which allows us to rewrite the canonical co
straints in terms of the graded variables associated with
graded algebra,G2SU(2), aswill be explained later. In this
respect the chiral Lagrangian of Eq.~2.1! differs from that
constructed in Ref.@14#.

The last four-fermion contact term in Eq.~2.1! is purely
imaginary, but this term is necessary to reproduce the
grangian of the usualN52 SUGRA in the second-order for
malism. Indeed, if we solve the equationdL N52

(1) /dA(1)50
with respect toAi j m

(1) , and use the obtained solution in th

3Greek lettersm,n, . . . , are space-time indices, Latin letter
i , j , . . . arelocal Lorentz indices, and (I ),(J), . . . @5(1),(2)#, de-
note O(2) internal indices. We take the Minkowski metrich i j

5diag(21,11,11,11) and the totally antisymmetric tensore i jkl

is normalized ase0123511. We defineemnrs andemnrs as tensor
densities, which take values of11 or 21.
06402
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first two terms in Eq.~2.1!, then those terms give rise to
number of four-fermion contact terms which are comple
with the imaginary term being written as

i

8
emnrsTlmnTl

rs

52
i

16
emnrs~c̄Rm

(I ) glcRn
(K)!c̄Rr

(J)glcRs
(L)e (I )(J)e (K)(L),

~2.4!

where the torsion tensor is defined byTi
mn522D [men]

i with
Dmen

i 5]men
i 1Ai

j men
j . The last term in Eq.~2.1!, on the

other hand, can be rewritten as

i

8
emnrs~c̄Lm

(I ) cRn
(J)!c̄Rr

(K)cLs
(L)e (I )(J)e (K)(L)

5
i

16
emnrs~c̄Rm

(I ) glcRn
(K)!c̄Rr

(J)glcRs
(L)e (I )(J)e (K)(L)

~2.5!

by using a Fierz transformation, and exactly cancels with
pure imaginary term of Eq. ~2.4!. Therefore,
L N52

(1) @second order# of N52 chiral SUGRA is reduced to
that of the usual one up to imaginary boundary terms; tha
we have

L N52
(1) @second order#

5LN52 usual SUGRA@second order#

2
1

4
]m$emnrs~c̄n

(I )grcs
(I )12iAn]rAs!%. ~2.6!

Note that a boundary term quadratic in the Maxwell fieldAm

appears in Eq.~2.6!, since we choose (Fmn
(2))2 as the kinetic

term in Eq.~2.1!.

III. GAUGING THE O „2… INVARIANCE

The global O(2) invariance of Eq.~2.1! can be gauged by
introducing a minimal coupling forcm

(I ) andAm , which au-
tomatically requires a spin-3/2 masslike term and a cosm
logical term in the Lagrangian@15#. These three terms ar
written as

Lcosm5
l

2
emnrsc̄m

(I )grcn
(J)Ase (I )(J)

2A2ilec̄m
(I )Smncn

(I )16l2e, ~3.1!

with the gauge coupling constantl. Here the cosmologica
constantL is related tol as L526l2. Note that the first
term of Eq.~3.1! is comparable to the kinetic term ofcRm

(I ) in
Eq. ~2.1!, since this term can be rewritten as
0-2
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l

2
emnrsc̄m

(I )grcn
(J)Ase (I )(J)5lemnrsc̄Rm

(I ) grcRn
(J)Ase (I )(J).

~3.2!

We denote the chiral Lagrangian as the sum of Eqs.~2.1! and
~3.1!; namely,

L (1)
ªL N52

(1) 1Lcosm. ~3.3!

Because of Eq.~2.6!, L (1) of Eq. ~3.3! in the second-orde
formalism is invariant under the SUSY transformation of t
usualgauged N52 SUGRA @15# given by

dem
i 5 i ā (I )g icm

(I ) ,

dAm5A2e (I )(J)ā (I )cm
(J) ,

dcm
(I )52$Dm@A~e,c (I )!#a (I )2le (I )(J)Ama (J)%

1
i

A2
e (I )(J)S F̂mngn1

i

2
eemnrsF̂rsgng5Da (J)

2A2ilgma (I ), ~3.4!

with Ai j m(e,c (I )) in dcm
(I ) being defined as the sum of th

Ricci rotation coefficientsAi j m(e) and Ki j m , which is ex-
pressed as

Ki j m5
i

4
~ c̄ [ i

(I )g umuc j ]
(I )1c̄ [ i

(I )g u j ucm]
(I )2c̄ [ j

(I )g u i ucm]
(I )!. ~3.5!

On the other hand, the first-order~i.e.,‘‘off-shell’’ ! SUSY
invariance ofL (1) may be realized by introducing the righ
and left-handed SUSY transformations as in the case oN
51 chiral SUGRA@2,16#.

IV. CANONICAL FORMULATION OF NÄ2 CHIRAL
SUGRA

Starting with the chiral LagrangianL (1) of Eq. ~3.3!, let
us derive the canonical formulation ofN52 chiral SUGRA
by means of the 311 decomposition of space-time. For th
purpose we assume that the topology of spacetimeM is S
3R for some three-manifoldS, so that a time coordinate
function t is defined onM. Then the time component of th
tetrad can be defined as4

et
i5Nni1Naea

i . ~4.1!

Here ni is the timelike unit vector orthogonal toeia , i.e.,
nieia50 and nini521, while N and Na denote the lapse
function and the shift vector, respectively. Furthermore,
give a restriction on the tetrad with the choiceni5
(21,0,0,0) in order to simplify the Legendre transform

4Latin lettersa,b, . . . are the spatial part of the space-time in
cesm,n, . . . , andcapital lettersI,J, . . . denote the spatial part o
the local Lorentz indicesi,j,•••.
06402
e

Eq. ~3.3!. Once this choice is made,eIa becomes tangent to
the constantt surfacesS and e0a50. Therefore we change
the notationeIa to EIa below. We also take the spatial re
striction of the totally antisymmetric tensoremnrs as eabc

ªe t
abc , while e IJK

ªe0
IJK .

Under the above gauge condition of the tetrad, the 311
decomposition of Eq.~3.3! yields the kinetic terms5

L kin
(1)5ẼI

aȦI
a2p̃ (I )

A
aċ (I )A

a11p̃aȦa , ~4.2!

whereAI
aª22A(1)

0
I
a and (p̃ (I )

A
a ,1

p̃a) are defined by6

p̃ (I )
A

a
ª

dL (1)

dċ (I )A
a

52A2i eabcEc
I c̄ (I )A8

bs IAA8 , ~4.3!

1p̃a
ª

dL (1)

dȦa

5p̃a1 iB̃a, ~4.4!

with

p̃a
ª

e

2N2 qab$2~Ftb2NdFdb!

2A2~ c̄ t
(I )cb

(J)2Ndc̄d
(I )cb

(J)!e (I )(J)%

2
i

2A2
eabcc̄b

(I )g5cc
(J)e (I )(J), ~4.5!

B̃a5
1

2
eabcFbc . ~4.6!

In Eq. ~4.5! the Majorana spinorscm
(I ) are used for simplicity.

On the other hand, the constraints are obtained from
variation ofL (1) with respect to Lagrange multipliers. Her
we raise, in particular, the Gauss U(1) gauge, and right-
left-handed SUSY constraints expressed by canonical v
ables as follows:7

5For convenience of calculation, we use the two-compon
spinor notation in the canonical formulation. Two-compone
spinor indicesA,B, . . . , andA8,B8, . . . , areraised and lowered

with antisymmetric spinorseAB andeAB , and their conjugateseA8B8

andeA8B8 , such thatcA5eABcB andwB5wAeAB . The Infeld-van
der Waerden symbols iAA8 is taken in this paper to be (s0 ,s I)
ª(2 i /A2)(I ,t I) with t I being the Pauli matrices. We also defin
the symbols IA

B @which is called the SU(2) soldering form in Re

@1## by using nAA85nis i
AA8 as s IA

B
ª2A2is IAA8n

BA8

5( i /A2)(t I)AB .
6The derivative for fermionic variables is treated as the left d

rivative, unless stated otherwise.
7We note that the1p̃a appears in Eqs.~4.8!, ~4.9!, and~4.10!. If

we use (Fmn)2 as the Maxwell kinetic term in Eq.~2.1!, p̃a ~and
1p̃a) will appear in Eq.~4.8!, and it is not possible to rewrite the
canonical constraints in terms of the graded variables.
0-3
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GIª

dL (1)

dL t
I 5DaẼI

a2
i

A2
p̃ (I )

A
as I

A
Bc (I )B

a50, ~4.7!

gª
dL (1)

dAt

5]a
1p̃a1lc (I )A

ap̃ (J)
A

ae (I )(J)50, ~4.8!

RS A
(I )
ª

dL (1)

dc (I )A
t
5Dap̃ (I )

A
a1

1

A2
1p̃ac (J)B

aeABe (I )(J)1l~2iẼ I
as I

ABc (I )B
a2p̃ (J)

A
aAae (I )(J)!50, ~4.9!

LS A
(I )
ª

dL (1)

dr (I )A
t
52A2ẼI

aẼJ
b~s IsJ!A

BF2~D[ac (I )C
b]2lA[ac (J)C

b]e
(I )(J)!eBC1

i

A2
leabcp̃

(I )
B

cG
1

i

2
E22ede feagh~s IsJsKsL!A

Be (I )(J)ẼI
eẼJ

f ẼK
g ẼL

hp̃ (J)
B

dF eabcH Fbc1
1

A2
eCD~c (K)C

bc (L)D
c!e

(K)(L)J 1 i 1p̃aG50,

~4.10!
-

e
r

SY
,

where the Lagrange multipliersL t
I andr (I )A

t are defined by

L t
I
ª22A(1)

0
I
t , r (I )A

tªE21c̄A8t
(I ) nAA8, ~4.11!

and the covariant derivatives onS are

DaẼI
a
ª]aẼI

a1 i e IJKAJ
aẼKa,

D ap̃ (I )
A

a
ª]ap̃ (I )

A
a2

i

A2
AA

B
ap̃ (I )

B
a . ~4.12!

The left-handed SUSY constraint of Eq.~4.9! is not polyno-
mial because of the factorE22, but the rescaledE2(LS A

(I ))
becomes polynomial because

E25
1

6
eabce

IJKẼI
aẼJ

bẼK
c . ~4.13!

The above canonical constraints~except for the Gauss con
straint! have expressions different from those for theN52
two-form SUGRA @8,9#. This seems to originate from th
difference in the definition of momentum variables, in pa
ticular the momentum conjugate to the Maxwell field.

Now, by using the nonvanishing Poisson brackets8 among
the canonical variables,

$AI
a~x!,ẼJ

b~y!%5dJ
I da

bd3~x2y!,

$c (I )A
a~x!,p̃ (J)

B
b~y!%52d (I )(J)dB

Ada
bd3~x2y!,

8The Poisson brackets are defined for canonical variables (qi ,p̃i)
by using the right and left derivatives as$F,G%
ª*d3z@„dRF/dqi(z)…„dLG/d p̃i(z)… 2 (21)u i u

„dRF/d p̃i(z)… „dLG/
dqi(z)…] with u i u50 for an even~commuting! qi , andu i u51 for an
odd ~anticommuting! qi .
06402
-

$Aa~x!,1p̃b~y!%5da
bd3~x2y!, ~4.14!

we show that the Gauss U(1) gauge and right-handed SU
constraints of Eqs.~4.7!–~4.9! form the graded algbra
G2SU(2). In fact, if we define the smeared functions

GI@L I #ªE
S
d3x L IGI ,

g@a#ªE
S
d3x ag, ~4.15!

RS A
(I )@j (I )A#ªE

S
d3x j (I )ARS A

(I )

for convenience of calculation, the Poisson brackets ofGI ,g,
and RS A

(I ) are obtained as

$GI@L I #, GJ@GJ#%5GI@L8I #,

$GI@L I #, g@a#%505$g@a#, g@b#%,

$GI@L I #, RS A
(I )@j (I )A#%5RS A

(I )@j8(I )A#, ~4.16!

$g@a#, RS A
(I )@j (I )A#%5lRS A

(I )@j9(I )A#,

$RS A
(I )@j (I )A#, RS B

(J)@h (J)B#%5lGI@L9I #1g@a8#,

with the parametersL8I ,L9I ,j8(I )A,j9(I )A, anda8 defined as

L8I
ª i e IJKLJGK ,

L9I
ª2i j (I )Ah (J)Bs I

ABd (I )(J),

j8(I )A
ª

i

A2
L Ij (I )Bs IB

A , ~4.17!
0-4
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j9(I )A
ª2aj (J)Ae (I )(J),

a8ª
1

A2
j (I )Ah (J)BeABe (I )(J).

The algebra of Eq.~4.16! coincides with the graded algebr
G2SU(2), which was first introduced in Ref.@10# in the
framework of BF theory.

V. GRADED VARIABLES ASSOCIATED WITH G2SU„2…
ALGEBRA

In N51 chiral SUGRA, the graded variables ofGSU(2)
was introduced based on the graded algebra which is s
fied by the Gauss and right-handed SUSY constraints@3,4#.
These graded variables simplify the expressions of all
canonical constraints, and therefore it becomes easier to
exact solutions of quantum constraints@4#.

In order to introduce the graded variables ofG2SU(2) in
N52 chiral SUGRA, let us define the generators

Jîª~JI ,Ja ,J8!, ~5.1!

which satisfy the same algebra as that of the constraints

Cîª~GI ,RSa ,g8!, ~5.2!

where (RSa ,g8) stand for (RS A
(I ) ,g), and the indexî runs

over (I ,a,8), with aª(I )A. That is, we suppose thatJî
satisfy theG2SU(2) algebra

@Jî ,Jĵ%5 f î ĵ
k̂Jk̂, ~5.3!

with f î ĵ
k̂ being the structure constant determined from E

~4.16!. The fundamental representation of this algebra
given by

J15
1

2S 0 1 0 0

1 0 0 0

0 0 0 0

0 0 0 0

D , J25
1

2S 0 2 i 0 0

i 0 0 0

0 0 0 0

0 0 0 0

D ,

J35
1

2S 1 0 0 0

0 21 0 0

0 0 0 0

0 0 0 0

D ,

J1
(1)5A l

A2
i S 0 0 0 0

0 0 21 0

1 0 0 0

0 0 0 0

D ,
06402
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J2
(1)5A l

A2
i S 0 0 1 0

0 0 0 0

0 1 0 0

0 0 0 0

D , ~5.4!

J1
(2)5A l

A2
i S 0 0 0 0

0 0 0 21

0 0 0 0

1 0 0 0

D ,

J2
(2)5A l

A2
i S 0 0 0 1

0 0 0 0

0 0 0 0

0 1 0 0

D ,

J85lS 0 0 0 0

0 0 0 0

0 0 0 21

0 0 1 0

D .

The supertrace@18# of the bilinear forms, STr(JîJĵ ), is given
by

STr~JIJJ!5
1

2
d IJ ,

STr~JaJb!5STr~JA
(I )JB

(J)!5A2leABd (I )(J),

STr~J8J8!52l2,

STr~JIJa!505STr~JIJ8!5STr~JaJ8!, ~5.5!

where the supertrace for aG2SU(2) matrixM is defined by
STr(M )5M111M222M332M44. We introduce the metric
gî ĵ for G2SU(2),which is of block-diagonal form, by

gî ĵª2 STr~JîJĵ !5~d IJ , 2A2leABd (I )(J), 4l2!.
~5.6!

Here we nomalizegî ĵ , so that the conditiongIJ5d IJ be
satisfied. The inversegî ĵ is given by

gî ĵ5S d IJ,2
1

2A2l
eABd (I )(J),

1

4l2D . ~5.7!

We shall lower or raise the indexî by usinggî ĵ andgî ĵ . For
example,Jî with the upper indexî is defined byJî

ªgî ĵJ ĵ .
As is seen from Eq.~4.2!, the sets of the fields,

Aî
aª~AI

a , ca
aªc (I )A

a , Aa
8
ªAa!, ~5.8!

Ẽî
a5~ẼI

a , 2p̃a
a
ª2p̃ (I )

A
a , 1p̃8

a
ª

1p̃a!, ~5.9!
0-5
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play the role of the coordinate variables and their conjug
momenta, respectively. We shall refer toAî

a and Ẽî
a as the

graded connection and the graded momentum, respectiv
Now let us define the graded variablesAa and Ẽa:

AaªAî
aJî , Ẽa

ª Ẽî
aJî . ~5.10!

Then the kinetic terms of Eq.~4.2! are expressed as a simp

form, 2 STr(ẼaȦa), due to the relation STr(JîJĵ )5(1/2)d ĵ
î .

Furthermore, we can show that the divergence ofẼa can be
rewritten as

DaẼa
ª]aẼa1@Aa ,Ẽa%5]aẼî

aJî 1Aî
aẼ ĵ

a@Jî ,Jĵ%5CîJ
î .

~5.11!

Therefore, the Gauss U(1) gauge and right-handed SU
constraints are unified into theG2SU(2) Gauss law

DaẼa50. ~5.12!

The left-handed SUSY constraint can also be expresse
using the graded variables,Aî

a and Ẽî
a, as in the case ofN

51 chiral SUGRA@4#. Indeed, LS A
(I ) of Eq. ~4.10! can be

rewritten as

LS A
(I )5l21~C(I )

A
î ĵ k̂eabcẼî

aẼ ĵ
b

1l21E22C(I )
A

l̂ m̂n̂î ĵ k̂ede fecghẼl̂
eẼm̂

f Ẽn̂
gẼî

hẼ ĵ
d!

3~Bk̂
c62il2Ẽk̂

c!50, ~5.13!

whereC(I )
A

î ĵ k̂ andC(I )
A

l̂ m̂n̂î ĵ k̂ are defined by

C(I )
A

IJa
ª2

1

2
~s IsJ!A

Bd (I )(J), ~5.14!

C(I )
A

LMNIa8
ª2

i

4
~sLsMsNs I !A

Be (I )(J), ~5.15!

while all other components vanish, and the signatures6 in
the parentheses of Eq.~5.13! are taken to be1 for k̂5I ,8
and 2 for k̂5a. In Eq. ~5.13! we have also definedBî a as
Bî a5(1/2)eabcFî

bc , with

Fî
abª2] [aAî

b]1 f ĵ k̂
îA ĵ

aAk̂
b

5S F I
ab12ilc (I )A

[as I
uABuc

(I )B
b] ,

2~D[ac (J)A
b]2lA[ac (J)A

b] !e
(I )(J),

Fab1
1

A2
eAB~c (I )A

[ac (J)B
b] !e

(I )(J)D ,

~5.16!

whereF ab
I

ª2] [aA b]
I 1 i e jk

I A a
j A b

k .
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VI. QUANTIZATION IN THE GRADED-CONNECTION
REPRESENTATION

In this section, we consider the canonical quantization
N52 chiral SUGRA in the graded-connection represen
tion: That is, quantum states are represented by wave fu
tionals C@A#, and operators of the graded variabl

(Âî
a ,Ễî

a) act onC@A# as @18#

Âî
aC@A#5Aî

aC@A#, Ễî
aC@A#57 i

d

dAî
a

C@A#, ~6.1!

where the signatures in front of the derivative (d/dAî
a) are

taken to be2 for î 5I ,8, and1 for î 5a. In N51 chiral
SUGRA @4#, there are two main results about solutions
quantum constraints in the graded-connection representa
of GSU(2), as in thecase of pure gravity@19,20#. One result
is that with a factor ordering of the triads to the right, Wilso
loops of the graded connection are annihilated by the qu
tum Gauss and right-handed SUSY constraints, and also
nihilated by the quantum left-handed SUSY constraint
smooth loops~which do not have kinks or intersections!. The
other result is that with an ordering the triads to the left in t
left-handed SUSY constraint, an exponential of the Che
Simons form built with the graded connection solves
quantum constraints with a cosmological constant.

Let us examine quantum constraints for the above t
cases inN52 chiral SUGRA, for which the left-handed
SUSY constraint of Eq.~5.13! involves a nonpolynomial fac-
tor E22, like the Hamiltonian constraint in the Einstein
Maxwell theory in the Ashtekar variable@17#. First, we con-
sider Wilson loops of the graded connection forG2SU(2),

Wg@A#5STrFP expS R
g
dyaAa~y! D G , ~6.2!

where the path ordered exponential is used, andg denotes
loops onS. The Wilson loops of Eq.~6.2! are G2SU(2)
invariant, so that they are annihilated by the quant
G2SU(2) Gauss law@Eq. ~5.12!#, and for smooth loops they
are also annihilated by the rescaled left-handed SUSY c
straintÊ2(LŜA

(I )). However, if the rescaled constraint is to b
equivalent to the original constraint, then Eq.~6.2! fails to be
a solution inN52 chiral SUGRA, as stated in Ref.@17#

since the operatorÊ2 annihilatesWg@A#.
Second, we consider the exponential of the Chern-Sim

form built with the graded connection ofG2SU(2):

CCS@A#5expF2
1

2l2E
S
d3xeabc

3STrS Aa]bAc1
2

3
AaAbAcD G . ~6.3!

This is an exact state functional that solves all quantum c
straints ofN52 chiral SUGRA: In fact, Eq.~6.3! is annihi-
lated by theG2SU(2) Gauss law because of aG2SU(2)
invariance forCCS@A#, while it is annihilated by the quan
0-6
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tum left-handed SUSY constraint for Eq.~5.13!, with the
factor ordering of the triads to the left; that is,

LŜA
(I )CCS@A#5•••3S Bk̂

c12l2
d

dAk̂
c
DCCS@A#50,

~6.4!

since (d/dAk̂
c)CCS@A#5(21/2l2)Bk̂

cCCS@A#. CCS@A# of
Eq. ~6.3! coincides with theN52 supersymmetric Chern
Simons solution obtained in Refs.@8,10#.

VII. CONCLUSIONS

In this paper we have reconstructed Ashtekar’s canon
formulation ofN52 SUGRA starting from theN52 chiral
Lagrangian, derived by closely following the method e
ployed in typical SUGRA. We have modified the Maxwe
kinetic term as (Fmn

(2))2 in the globally O(2) invariant La-
grangian obtained in Ref.@14#. In addition, we have gauge
the O(2) invariance of the Lagrangian, so that we have
tained the full graded algebra,G2SU(2), of theGauss U(1)
gauge and right-handed SUSY constraints in the canon
formulation. The left-handed SUSY constraint has the n
polynomial factor E22 as in the case of the Einstein
Maxwell theory in the Ashtekar variable@17#.

We have introduced the graded variables (Aa ,Ẽa) associ-
ated with the G2SU(2) algebra, and showed that th
G2SU(2) Gauss lawDaẼa50 coincides with the Gaus
2

an

06402
al

-

-

al
-

U(1) gauge and right-handed SUSY constraints. We h
also rewritten the left-handed SUSY constraint in terms
the graded variables. Based on the representation in w
the graded connection is diagonal, we have examined
solutions of quantum constraints obtained inN51 chiral
SUGRA @4#, namely, Wilson loops of the graded connecti
Wg@A#, and the exponential of the Chern-Simons form bu
with the graded connectionCCS@A#. If the left-handed
SUSY constraint rescaled byE2 is equivalent to the origina
constraint, then Wilson loops ofWg@A# fail to be solutions
in N52 chiral SUGRA, since the operatorÊ2 annihilates
Wg@A#. On the other hand, the exponential of the Che
Simons form, CCS@A#, is an exact state functional tha
solves all quantum constraints ofN52 chiral SUGRA. This
solution was first derived in Ref.@8# in the two-form
SUGRA, and later given in Ref.@10# based on BF theory. In
this paper we have obtained the same result starting from
chiral Lagrangian, which is closely related to the usu
SUGRA. The extension to higherN SUGRA is now investi-
gated.
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